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IlycTb X, Yk, k ^ 1 - jiHHeflHbie Hop MnpoBaHHBie npocTpaHCTBa (JIHII) Ha^ R, A k : 
X — > Y k , j ^ 1 - jiHHefiHbie HenpepbiBHbie onepaTopbi. JXjis p G [1, oo] onpe^ejiHM MHoace- 

CTBO 

D p = {x G X | (||Aix||, \\A 2 x\\,. . .) i l p }. 

B pa6oTe H3ynaeTCH Bonpoc o iijiothocth D p b X npn 3a^aHOH nocjie^oBaTejitHocTH 
\\A k \\,k^l. 

JJajiee nofl JIHII mm noHHMaeM JIHn Ha,n; R. OTHocHTejibHo JIHn Hafl C cm. 3aMenaHne 
[2J ^jih JIHn X, Y o6o3HannM £(X, y) MHOJKecTBo Bcex jiHHeflHbix HenpeptiBHtix onepa- 
TopoB A : X Y . nycTb p G [1, oo], n G N. /Jjih x = (xi, . . . ,x n ), Xk G R onpe^ejiHM 
IMIp = (ELi kfcl P ) 1/p ( ecjIH P = oo, to Hxlloo = max fc \x k \). JJ,Jia x = {xi,x 2 , . . .), x k G R 
oupe^ejiHM 1 1 a; ||p = 

Lx l x fe| p ) 1 ^ p (ecjin p — oo, to ||x||oo — sup fc \xk\)- HanoMHHM onpe- 
^ejieHHe npoerpaHCTBa M-Korana p (cm., HanpHMep, pa3^eji 4.2 khhth [1]). 

Onpe/j,ejieHHe 0.1. nycTb p G [l,oo). Tobopht, hto JIHn X HMeeT M-KOTun p ecnn 
cymecTByeT 7 > 0, Taxoe, hto ,zyiH npoH3BOJiBHoro n G N, npoH3BOJibHbix a?i, . . . ,x„ G X 
cymecTByioT e k G {±1}, 1 ^ k ^ n, Taxne, hto 



e^fcll > tIKII^iII, ii^i 



up- 
1 



EcjIH 3TO yCJIOBHe BBinOJIHeHO, TO TOBOpHT, HTO X HMeeT M-KOTHn p C KOHCTaHTOH 7. 

AHajiorHHHo mojkho ^aTb onpe^ejieHHe npocTpaHCTBa, HMeiomero M-Koran 00, ho, k&k 
jierxo BH^eTb, hto npoH3BOJibHoe JIHn X HMeeT M-Koran 00. Xoponio h3bcctho (h sto 
jierKO flOKa3aTb), hto earn X KOHenHOMepHO, to oho HMeeT M-Koran 1; ecjin X rnjibGepTO- 
BO, TO OHO HMeeT M-KOTHn 2. Ecjih (T, J 7 , /i) -H3MepHMOe npOCTpaHCTBO h X = L p (T, J 7 , /i) 

(1 ^ p < 00), to oho HMeeT M-KOTHn max(2,p) (cm. HanpHMep pa3^;eji 4.2 khhtm |lj). 

TeopeMa 0.1. Ilycmb X - 6anaxoeo npocmpancmeo, X* uMeem M-nomun p G [l,oo), 
Y k , k ^ 1 - JIHII, A k G C(X,Y k ), k ^ 1. Ilycmb p G [l,p/(p — 1)] (cnumaeM, umo 
1/0 = 00). OnpedeAUM r G [p, 00] paeencmeoM l/p — 1/r — 1 — 1/p. 
Ecau (||Al||, H-A2II, . . .) ^ l r , mo MHOotcecmeo D p nAomno e X . 

JXjis ^;oKa3aTejibCTBa HaM HyjKHbi HeKOTopbie onpe^ejieHHH h jieMMa. nycTt n G N, 
X k , 1 ^ k ^ n - JIHn. JJjih s G [1, 00] onpe^ejiHM JIHn 

ls{X\, ■ ■ ■ , X n ) — {x = [Xi, . . . , x n ) I x k G X k }, 

1 
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\\x\\ s = ||(||xi||, . . . , ||x n ||)|| s . Hecjio>KHo npoBepnrB, hto ecjni s G [1, oo), to (l s (Xi, . . . , X n ))* 
h(X*, . . . ,X*), rype t G (1, oo] TaxoBo, hto 1/s + 1/t = 1. TyT ^eiicTBHe x* = (x*, . . . ,x*) 
Ha x = (xi, . . . , x n ) onpe^ejieHo paBeHCTBOM x*(x) = Ylk=i x t( x k)- 
IlycTB Xk, k ^ 1 - JIHII. ^jih s G [1, oo] oupe^ejiHM J1HII 

/ s (Xi,X 2 , ...) = {x = (xi,x 2 , ■ . •) | x k G X fc , ||(||si||, ||a:2||, • • Oils < °°}> 

||x|| s = ||(||xi||, ||x2||, • • -)l|s- Hecjio>KHO npoBepHTB, HToecjiH s G [1, 00), TO (l s (Xi, X 2 , . . .))* 
l t (Xi,X 2 , ■ ■ 0, r ^e t G (1, 00] TaxoBo, hto 1/s + 1/t = 1. TyT ^eftcTBiie x* = (x\,x 2 , ■ ■ ■) 
Ha x = (xi, X2, • • onpe,n;e.neHo paBeHCTBOM x*(x) = J2T=i x t( x k)- 

JleMMa 0.1. Tlycmb n G N, Xi, . . . ,X n - JIHII, Y UMeem M-Komun p G [l,oo) c 
KOHcmanmou 7, A k G C(X k ,Y), 1 ^ k ^ n. Ilycmb q G [p, 00]. OnpedeAUM onepamop 
B : l niq (Xi, . . . , X n ) — > Y paeencmeoM B(xi, . . . , x n ) = J^ =1 A k x k - Tosda 

\\B\\^ 1 \\(\\A 1 \\,...,\\A n \\)\\ r , 

dde r G [p, 00] manoe, umo 1/q + 1/r = 1/p. 

,U,OKA3ATEJlbCTBO. Ecjih A\ = . . . = A n = 0, to Hysaioe yTBep>K/i;eHHe OHeBHijHO. ,Ha- 
jiee He Bee A k HyjieBBie. SacpHKcnpyeM npoH3BojiBHoe 5 > 0. CymecTByioT Xk G Xk, \\xk\\ = 

1, TaKHe, HTO ||AfcXfc|| ^ ||Ajfc||/(l + 8). IlyCTB Oik, 1 ^ k ^ n - HeOTpHH,aTejIBHBie HHCJia, 

KOTopbie mm BBiGepeM no3>Ke. Tor/ra ||Afc(afcXfc)|| ^ (afc||A.fc||)/(l + 5). IlocKOJiBKy Y HMeeT 
M-KOTHn p c KOHCTaHTofl 7, to cymecTByioT 6k G {±1}, 1 ^ k ^ n, TaKHe, hto 



^2e k A k (a k x k )\\ ^ 7||(||Ai(«iXi)||, . ..,\\A n (Otn%n j II I II p 



^ 7(1 + 5) 1 ||(a 1 ||Ai|| > ...,Q !n ||A,||)IU 
IlycTB x = {e\ol\X\, . . . , e n a n x n ) G l n ,q(Xi, . . . , X n ), Tor,n;a H3 HepaBeHCTBa (pQ) cjie/xyeT 

||Sx|| ^ 7(1 + 5)~ 1 ||(a 1 ||>ll||, . . . An||) Hp- IIoCKOJIBKy ||x|| = ||(«i, . . .,a n )\\ q , TO 

(2) \\B\\ > 7(1 + ^-i ll^ll^ll.-.^II^IDIIp . 

||(ai,...,a n )|| g 

Ecjih q G (p, oo), to r G (p, oo). IIo^cTaBHM a k = \\A k \\ r ^ q , KHnB HepaBeHCTBo (|2J). 
Tor^a, yHHTBiBan, hto 1/p = 1/q + 1/r, nojiyHHM 

(3) ||5||^(l + 5)-l(||A 1 ,...,|K||)|| r . 

Ecjih q = p, to r = oo. IlycTB ||Aj|| = max^ ||Afe||. IIo^cTaBHB ai = 1, atj = 0, j ^ i b (j2J), 
nojiyHHM (jnj). 

Ecjih g = oo, to r = p. IIo^cTaBHB oifc = 1, 1 ^ A; ^ n b (j2J), nojiyHHM ([3]). 
IlocKOJiBKy 5 > npoH3BojiBHo, to H3 HepaBeHCTBa (|3]) cjie/jyeT HyjKHoe yTBepjK^eHHe. 
JleMMa ^;oKa3aHa. 

/IpKA3ATEJlbCTBO.(TeopeMBi lCri| CHanajia noKaaceM, hto D p HenycTO. Ecjih p = l,p = 
oo, to r = oo h HenycTOTa D p siBjisieTCH cjie^cTBHeM npHHinina paBHOMepHofi orpaHHneHHo- 
cth (ero ^;oKa3aTejibCTBo Taxoe TKe, k&k h b cjiynae Yk — Y, k ^ 1). ^ajiee p < oo. ,Hjih n ^ 
1 onpe^ejiHM onepaTop B n : X — > l p (Yi, Y 2 , . . .) paBeHCTBOM B n x = (Aix, . . . , A n x, 0, . . .). 



O PACXO^HMOCTH PA/JOB BH/JA J2T=i II^MI P 3 
IlycTb q TaKOBO, hto 1/p+l/q = 1. Tor^a -B* : l q (Y*, . . .) — )■ X*. IIocKOJiBKy fljis 

IipOH3BOJIBHBIX ?/* = (^/jf, IJ2, . ■ ■), X G X 

n n 

B* n y*(x) = y*(B n x) = = (J>*y*)x, 

fc=i fc=i 

to 5* (3,*,^,...) = ELi A ty*k- nocKOjiBKy 1/p- 1/r = 1 - 1/p, 1/p + l/q = 1, to 
1/q + l/r = 1/p. IlycTb X* HMeeT M-kotihi p c KOHCTaHTofl 7. H3 jieMMBi KTT1 cjienyeT. hto 

II^H ^ 7IKIKII, • • • , KIDUr = 7ll(Pl||, • • • , \\A n \\)\\r. rioCKOJIBKy (||Ai||, ||A 2 ||, . . .) £ l r , 

to sup n ||-Bn|| = 00. Kax cjie^cTBHe npiiHiriina paBHOMepHoft orpaHHieHHocTH rrojiynaeM, 
hto D p HenycTO. 

IIoKa>K6M , HTO D p njIOTHO B X. IlyCTB Xq G D p . 06o3HaHHM Cp = X \ Dp = {x G X I 

HA2XII, . . .) ^ l p }. Hcho, hto Cp - jiHHeliHoe mho>k6ctbo. IlycTB x G X. Tor,n;a 
He 6ojiee neM Rjm oflHoro ^eftcTBHTejiBHoro A sjieMeHT x + Xxq G C p (miane xq G C p ). 
OTcio^a cjie^yeT, hto D p njioTHo b X. TeopeMa ^oxasaHa. 

ilpHBe^eM HecKOJiBKO npHMepoB, b kotopbix ycjiOBHe (||Ai||, 1 1|, . . .) £ l r Heo6xo^HMO 
fljia toto, hto6bi D p Gbijio njioTHo b X. Bojiee tohho, b sthx npimepax rjik npoH3BOJiBHoft 
nocjie,ri;oBaTejiBHOCTH HeoTpnn;aTejiBHBrx nnceji a k ,k ^ 1, TaKirx, hto (ai,02, ...) G l r mbi 
nocTpoHM onepaTopBi A k G C(X, Y k ), rjik kotopbix ||A&|| = a^, k ^ 1 h D p = 0. 

IIpHMep 0.1. IlycTB X — R, Tor^a X* = R. Tor^a p = 1, r = p. IlycTB HeoTpHu,aTejiBHBie 
HHCJia a k TaKOBBi, hto (a 1; a2, . • •) G / r . Onpe^ejiHM : R — > R Tax: A^x = a k x,x G R. 
Tor^a ||^4fc|| =flt,^li D p = 0. 

IIpHMep 0.2. IlycTB s G (1, 2], X = Z s . Tor^a X* = r^e hhcjio s' G [2, 00) onpe^ejieHo 
paBeHCTBOM 1/s+l/s' = 1. IIosTOMy p = s'. JXnsp G [1, s] r onpe^ejieHO paBeHCTBOM 1/p — 
1/r = 1/s. IlycTB HeoTpimaTejiBHBie nncjia TaKOBBi, hto (ai,a 2 ,...) G / r . Onpe^ejiHM 
onepaTopBi : / s — > R Tax: #2, ■ ■ ■) = CLkXk- Tor^a ||Afc|| = dk,k ^ 1. JIjir 

x = (xi, x 2 , . . .) G / s HMeeM 

00 00 

j2\\Akx\\ p = Y,( a ^\) p - 

k=l k=l 

IIocKOJiBKy (ai,a 2 , . . .) G Z r , (|xi|, |x 2 |, . . .) G l s h 1/r + 1/s = 1/p, to ^jih npoH3BOJiBHoro 
x G I* J2T=i ll^fc x ll P < 00 • OTcio^a Dp = 0. 

IIpHMep 0.3. IlycTB s G [2, 00), X = L s ([0, 1], c?x) (^ajiee nnineM npocTO L s ). Tor^a 
X* = L s r, r^;e hhcjio s' G (1,2] onpe^ejieHo paBeHCTBOM 1/s' + 1/s = 1. IIosTOMy p = 2. 
/Ijis p G [1, 2] r onpe^ejieHo paBeHCTBOM 1/p — 1/r = 1/2. IlycTB HeoTpHn;aTejiBHBie nncjia 
a,/- TaKOBBi, hto {flx, ci2, ■ ■ ■) G l r . 06o3HaHHM r^(t) = signsin2 h t, t G [0, 1], k ^ 1 (cpyHKi^nii 
Pa^eMaxepa). Xopoino H3BecTHO, hto rk(t),k ^ 1 - opTOHopMHpoBaHHaa CHCTeMa b L 2 . 
Onpe^ejiHM onepaTopBi : L s — > R Tax: 

= a k (x, r k ) =a k x(t)r k (t) dt. 
Jo 
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IIocKojibKy \A k x\ < afcH^Hi! ^ afc||z||.L s , to \\A k \\ ^ a k . Ho A k r k = a k h ||r fc || Ls = 1, 
nosTOMy = afc. ^jih i£i s HMeeM 

oo oo 

^|A fc xr = ^(a fc |(x,r fc )|r. 
fe=i fc=i 

IIocKOJibKy L s C L 2 , to (|(x, ri)|, r 2 )|, . . .) G Z 2 . KpoMe toto, (ai, a 2 , . . .) G / r h 1/2 + 
1/r = 1/p, no3TOMy Ylh=i l^fc x l P < °°- TaKHM o6pa30M, D p = 0. 

TeopeMa 0.2. ITycmb X - Banaxoeo npocmpaHcmeo, X* uMeem M-Komun p G [l,oo), 
Ffc, ^ 1 - JIHIJ, A k G C(X,Y k ), k^l. IJycmt>po G (1, p/(p— 1)]. OnpedeAUMr G (p, oo] 
paeencmeoM 1/po — 1/tq — 1 — 1/p. 

Ec/m (||Ai||, ||A 2 ||, ...)$: l r djizi ecex r G [p,r ) ; mo Dpgripo) ^p njiomno e X. 

3aMenaHHe 1. IIocKOJiBKy C p C C p / fljia p < p', to U P e[i p )Cp ~~ JiHHeHHoe mhojkc- 
ctbo. IIo3TOMy n p e[i, Po ) D p = X \ Upe[i,p ) njiorao X Tor,n;a h tojibko Toiyi;a, Kor,n;a 
Upe[i po) '-'p/^ ( CM - QKOHHaHHe ^0Ka3aTejibCTBa TeopeMBi 10. ip . IIpH BBinojiHeHHH ycjioBHft 
TeopeMBi 10.21 C p ^ X, p G [l,Po)- KpoMe Toro, MHOJKecTBa C p jiHHeHHBi h C p C Cy npn 
p < p'. 0,n;HaKO H3 3thx ycjioBHft Ha C p , Boo6iu;e roBopa, He cjie,zryeT, hto U P e[i po) ^p ^ 
3to noKa3BiBaeT cjieflyiomnfi npHMep. IlycTB X - 6ecKOHeHHOMepHoe JIHII, E - 6a3nc 
TaMejia fljia X. BtmejiuM b E cneTHyio nocjie^oBaTejibHocTb e k , k ^ 1. ,H,jih n 6 N onpe- 
^ejiHM jiHHeiiHoe mhojkcctbo L n k&k jiHHeftHyio oGojioHKy BeKTopoB E\{e k , k > n}. Tor^a 
L n ^ X, L n C L n < npn n < n', ho |J n L n = X. 

JJ^OK A3 ATEJlbCTBO. (TeopeMBi I0.2p fljia ^OKa3aTejiBCTBa TeopeMBi ^ocTaTOHHo noKa- 
3aTB, hto flpg[ip ) Dp HenycTo. BBi6epeM B03pacTaioiu;yio nocjie^oBaTejiBHocTB p k G [l,Po), k ^ 
1, Taxyio, hto p k — > po, k — > oo. IlycTB n! < n 2 < ... - B03pacTaioHi;a5i nocjie^oBaTejiB- 
hoctb HaTypajiBHBix HHceji, KOTopyio mbi BBi6epeM no3>Ke. Onpe^ejiHM JIHII 

Y ll{lp 1 (-^l; • • • > ^ni)) ^P2 (^ni+lj • • • ) ^2)5 • • •)• 

TaKHM o6pa30M, y coctoht H3 sjieMeHTOB y = (yi, y 2 , . . .), y k G Yjt, Taxnx, hto 

SfeLl Il(ll2/n fc _i+l||> • • • ) IlitaJDHpfe < 00 • rA- 713 k ^ 1 Onpe^ejIHM JIHHeflHBIH HenpepBiBHBiH 

onepaTop B k : X — >■ Y paBeHCTBOM 

B k x = ( 0, . .. , , A nfe _ 1+ ix, . . . , A nk x, 0, . . .). 

nycTB q k Taxoe, hto l/p k + l/q k — 1. Tor^a 

y = ^00(^1(^1 > • • • j ^ni)' ^2(^711+1; • • • 5 ^n 2 )' ■ ■ ') 

coctoht H3 3jieMeHTOB y* = (y^ , y|, . . .) , G Y" fc *, Taxnx, hto 

SUP ||(|bn fe _ 1+ l ll> IIC IDIU < °°- 

kgtl 

Jlerxo bh^tb, hto B* k : F* -> X* HMeeT bh A B* k (yly*, . . .) = E"=n fc _ 1+ i ^fc^fc- n ycTB X* 
HMeeT M-KOTHn p c hoctohhhoh 7. H3 jieMMBi lO.ll cjiejiyeT. hto ||-B^|| ^ IKII^n _ +ill' • • •' ll-^ 11)1 
r^e r fc Taxoe, hto l/q k + l/r k = 1/p. HocKOJiBKy l/p k + l/q k = 1, to l/p k -l/r k = 1-1/p. 
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IIocKOJibKy pk < po, to rfc < ro, k ^ 1. IIo ycnoBHio TeopeMBi (||^4i||, H^H, ■ ■ ■) ^ l r , f ^ 
[p, ro), nosTOMy nocjie^oBaTejitHocTt. mojkho Bt>i6paTt> Tax, hto6bi || (|| A nfc _ 1+ i||, . . . , || AiJ|)||r fc ^ 
k. Tor,n;a sup fc ||-Bfc|| = oo, h, k&k cjie^cTBHe npHHiiima paBHOMepHoft orpaHiineHHocTH, cy- 
mecTByeT x G X, ^yis KOToporo sup fc ||-Bfc£o|| = oo. 

IloKajKeM, hto xq G f"| pg j lpo ^ Dp. iIpe,ri;nojio>KHM, cymecTByeT p G [l,po), Taxoe, hto 
J2h=i \\AkXo\\ p < oo. BBi6epeM N Tax, hto6bi J^k^N ll^fc x o|| p < 1- E>Bi6epeM m Tax, hto6bi 
n m _i + 1 ^ N, p m > p. Tor^a fljia Ka>K^oro k ^ m ^™=n fc _ 1+ i U-A^oP* < 1, OTKy^a 
||-Bfc^o|| < 1; npoTHBopenne. TeopeMa ,n,oKa3aHa. 

3aMenaHHe 2. (npo JIHI1 Hafl C) Onpe^ejieHHH h pe3yjiBTaTBi pa6oTBi nepeHocaTca: Ha 
cjiynaii JIHII h&r C. B onpe^ejieHHH IU.1I Hiicjia G C, \e^\ = 1. Jlerxo npoBepnTB , 
hto Kaacfloe KOHeHHOMepHoe npocTpaHCTBo HMeeT M-Koran 1, rnjiBGepTOBo npocTpaHCTBo 
HMeeT M-KOTHn 2. Ecjih (T, J 7 , fi) - H3MepHMoe npocTpaHCTBo, to X = L P (T, J 7 , /i) (kom- 
njieKCHoe) HMeeT M-KOTHn max(2,p) (paccy>K^;eHHH Ha ct. 50-52 KHHrn |T] BepHBi h b 



KOMnjiexcHOM cjiynae). TeopeMBi 10.1110.21 h jieMMa lOTTI BepHBi 6e3 H3MeHeHHH cpopMyjinpo- 

BOK. 
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